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Abstract 
This paper addresses an investigation of ice constitutive laws modeling with strain rate, temperature and confining 
pressure effects of interest in modeling ice compressive behavior. For the proposed phenomenological model 
consisting of elastic, delayed elastic and viscous components, strain rate is taken into account by introducing a 
viscous term based on Glen’s law, and the compressive strength under different strain rates is analyzed. The effects 
of temperature and confining pressure are also included in the ice model. With the consideration that the viscous 
term and delayed elastic term are affected by temperature, the pressure hardening and pressure softening phenomena 
are embedded in the constitutive model. The proposed three-dimensional constitutive model is implemented in 
explicit LS-DYNA as a user-defined material model, and the numerical simulations are conducted to verify the 
proposed ice material model. Constant strain rate experiments and creep experiments using cylindrical ice specimens 
are selected for case studies. From which, ice strength and strain-time curves at different strain rates, temperatures 
and confining pressures are obtained and compared with experimental results.  
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Nomenclature 
Q  activation energy [J/mol] 
V  activation volume [cm3/mol] 
K  bulk modulus [MPa] 
A constant in viscous model [MPa-ns-1] 
D constant in viscous model [cm3/(MPa·mol)] 
B/C constants in delayed elastic model 
a/c/d constants in Sinha’s function 
ijs  deviatoric stress component [MPa] 
ije  deviatoric strain component  
e
ije  deviatoric elastic strain component 
v
ije  deviatoric viscous strain component 
d
ije  deviatoric delayed elastic strain component 
E  elastic modulus [MPa] 
mσ  hydrostatic stress component [MPa] 
n  exponent in viscous model 
R  molar gas constant [J/(mol·K)] 
σ  one dimensional stress [MPa] 
secε  one dimensional secondary creep strain rate [s-1] 
Tb  parameter in Sinha’s function 
υ  Poisson’s ratio 
G  shear modulus [MPa] 
ijσ  stress component [Mpa] 
ijε  strain component  
T  temperature [K] 
t  time [s] 
mε  volumetric strain component 
s  von Mises effective stress [MPa] 
1. Introduction 
Polar topics have attracted worldwide attentions in recent years. The exploration of Arctic sea routes 
and offshore resources has raised more challenges for the investigations of interactions between ice and 
ships or marine structures. And a thorough understanding of ice material properties will contribute to the 
study of the ice-structure interaction. The recent improvement of computational capacity makes the Finite 
Element Method (FEM) a good way to numerically simulate certain aspects of ice material properties, 
especially for the continuum behavior, and an accurate ice material model becomes important.  
The deformation and failure of ice is a complex process involving the continuum deformation and 
discrete fracture behavior. Continuum deformation mainly occurs under low strain rate, high temperature 
or high confining pressure. For example, the ice of the high-pressure zones in contact area between ice 
and structure is under high confinement, thus cracking is suppressed, and continuum mechanism 
dominates the deformation, such as recrystallization and grain boundary dislocation. The ice of this area 
can be highly recrystallized and even softened, and the ice at the edges of the high-pressure zones, where 
the confinement is low and shear stress is high, is also accompanied by micro-cracking (Jordaan, 2001; 
Melanson et al., 1999). Discrete behavior includes fracture, crushing, etc. The ice behind the contact area 
is under low confinement and high shear, and more prone to crack propagation and fracture, resulting in 
large pieces of ice that fracture and clear from the interface, leading to localization of contact into high 
pressure zones. The continuum mechanism and discrete mechanism interact with each other, leading to 
the complex and uncertain failure process of ice. Along with the advancement of the ice or structure, the 
ice in high-pressure zones deforms continuously at first and the stress increases until a certain stress level 
is reached, then the cracks propagate unstably and ice pieces spall off, or the damaged ice in high-pressure 
zones is crushed and extruded. The spalling off and crushing of ice will change the shapes of ice edges, 
then new high-pressure zones will form and another deformation and failure process is started. At present, 
the discrete crushing and fracture have not been well handled by Finite Element Method. Some efforts 
such as Kolari (2017) and Ince et al. (2017) were made on this topic but it’s beyond the scope of this 
study. 
This study aims to investigate the continuum deformation mechanism and establish a more accurate 
three-dimensional ice constitutive material model that can be used in finite element analysis. Several key 
factors (such as strain rate, temperature and confining pressure) that influence the ice behavior are 
investigated and included in the proposed ice material model. The material model can be used to help 
gain insight into the ice continuum behavior. 
Many studies focusing on the establishment of the corresponding constitutive model in three-
dimensional form have been carried out for finite element simulations over past several decades. Gagnon 
and Wang (2012) used a crushable foam model in LS-DYNA to represent the physical processes of ice 
to simulate a tanker impacting with a bergy bit. Liu et al. (2011) proposed an elastic-plastic model applied 
in simulating the ice-ship collisions, and an empirical failure criterion based on hydrostatic pressure and 
the plastic strain was adopted. The ice constitutive model based on Schapery’s (1991) damage theory was 
built by Xiao (1997) and Jordaan et al. (1999) and applied to ABAQUS, in which, two state variables 
were used to model the damage process of ice deformations. Furthermore, the effect of confining pressure 
was introduced. Ortiz et al. (2015) established a damage model considering the strain rate effect for the 
fragile behavior of ice, but the nonlinear material laws were weakened and temperature effect was still 
ignored. Ince et al. (2016, 2017) proposed an ice constitutive model reflecting the influence of strain rate, 
temperature and salinity for the ice ridge. A phenomenological model is proposed by Fortino et al. (2006) 
for the ductile-to-brittle transition of ice considering the strain rate effect. The model is based on 
thermodynamic theory, including the damage and viscoplastic components and using a stress-dependent 
damage potential to simulate the transition behavior.  
However, in previous works, the influence of strain rate，temperature effect and confining pressure 
effect were not considered comprehensively, even though many experiments and observations have 
proven these are critical factors for ice behavior. First, the ice behavior is sensitive to strain rate. In 
uniaxial and tri-axial constant strain rate experiments, ice strength has been found to vary significantly 
with strain rate, e.g. in the works presented by Glen (1955), Barnes et al. (1971), Jones (1982), Mellor 
and Cole (1992), Rist and Murrell (1994), Gagnon and Gamon (1995), Jones et al. (2003). Strength is 
one of the most concerning properties of ice. Ice strength will affect the ice load on structures, and the 
high relative strength compared to structures will threaten the structures’ safety. This makes strain rate a 
non-negligible factor in an ice constitutive material model for ice-structure interaction. In addition, 
experimental studies have also shown that the constitutive relation of ice can be affected by temperature. 
For iceberg or ice shelves, a temperature gradient exists along the depth profile. Jones (2007) found that 
the temperature decreases rapidly from the surface of an iceberg to a depth of 8 m, but it remained 
constant at the deeper depth. Timco (2011) found that the ice temperature was -4°C at a depth of 0.05 m 
and -12°C at a depth of 0.5 m. At low temperatures, the ice shows a stiffer behavior. This makes the 
temperature to be another key factor in the ice constitutive modelling. Confining pressure has been found 
to strongly influence the deformation mechanism of ice, e.g. Meglis et al. (1999). Since the brittle 
behavior of ice is caused by visible cracks, confining pressure will suppress the nucleation and expansion 
of cracks, thus may improve the strength of ice to a higher level. “Pressure softening” will even occur 
when the confining pressure is high, and this will increase the compliance of ice. Moreover, while ice 
deforms in the brittle region under certain conditions without confining pressure, it may deform in the 
ductile region under the same conditions with a confining pressure applied. Since the nonlinear strain-
stress relation of ice determines how much energy could be absorbed by ice, these changes will influence 
the accuracy of the numerical analysis. Therefore, in order to investigate the continuum behavior of ice 
more comprehensively, these three factors should all be included in a more intact ice constitutive model. 
This paper adopted a simple and effective way to take the influence of strain rate, temperature and 
confining pressure into a constitutive model for freshwater ice under compression. In order to ensure the 
validity of the model, its application should be limited to the conditions where the continuum deformation 
is obvious. Lower strain rate, higher temperature and confining pressure will make ice prone to continuum 
deformation. It is generally thought that the strain rate turning point between ductile and brittle region is 
around 10-3 (Michel, 1978), higher temperature and confining pressure will improve this turning point to 
a higher value. In this paper, the established model is for ice with strain rates lower than 10-3, or the strain 
rates exceeding 10-3 if the confining pressure or temperature is high and continuum mechanism dominates 
the deformation. And the feasibility of the model is verified by simulating the compression deformation 
of freshwater ice in the range of strain rate ( 21.4 10−< × ), temperature (-5°C to -30°C) and confining 
pressure (5MPa to 70MPa). 
The ice constitutive material model proposed in this paper is a phenomenological model based on the 
laws summarized from experimental results, taking the effects of strain rate, temperature and confining 
pressure into account. The model is composed of elastic, delayed elastic and viscous components, and 
the factors above are embedded in the viscous part and the delayed elastic part. The model is programmed 
to LS-DYNA and is verified through numerical simulations of compressive experiments. In the following 
part of this paper, Section 2 presents the constitutive equations of the newly proposed ice material model. 
The mechanical properties of ice, including the strain rate effect, as well as the constitutive laws 
influenced by temperature and confining pressure, are described. In Section 3, the creep experiments and 
tri-axial constant strain rate experiments are simulated. The strains with time for different stress levels, 
and the ice strength at different strain rates, temperatures and confining pressures are also analyzed. 
2. Constitutive model of ice 
Ice deformation can be divided into two categories, i.e., recoverable deformation and unrecoverable 
deformation. In the constitutive model proposed in this study, the recoverable deformation is represented 
by elastic and delayed elastic models, and the unrecoverable deformation is modeled with a viscous model. 
The viscous model represents a relationship in which stress is related to strain rate, temperature and 
confining pressure. And viscous strain rate also has an effect on the delayed elastic part. Therefore, the 
influences of strain rate, temperature and confining pressure on the ice constitutive relation are embedded 
in the viscous and delayed elastic parts. 
In order to establish a three-dimensional constitutive material model, the stress and strain tensors are 
decomposed into deviatoric and volumetric components, respectively. The ice strength is expressed by 
effective stress ( 3 2 ij ijs s s= ), which is related to deviatoric stress components. The volumetric 
deformation part is treated carefully because the ice strength also could be affected by confining pressure 
according to tri-axial experiments. The constitutive model is based on the following hypotheses:  
• The ice material model is isotropic.  
• The deviatoric behavior can be modeled using viscous, elastic and delayed elastic laws.  
• Temperature will influence the viscous and delayed elastic behaviors. 
• The volumetric behavior is represented with the elastic model. 
• Hydrostatic stress can influence the deviatoric behavior and is included in the deviatoric constitutive 
laws.  
Based on the hypotheses above, the strain and stress tensors can be decomposed as the follows: 
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2.1. Elastic relation 
Ice elastic deformation is composed of a deviatoric deformation and a volumetric deformation. For a 
piece of isotropic ice, the elastic constitutive relation can be described by the generalized Hooke’s law: 
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where G and K are shear modulus and bulk modulus calculated from elastic modulus. For freshwater ice, 
the elastic modulus is about 10 MPa.  
2.2. Viscous relation with strain rate, temperature and confining pressure effects 
Strain rate effect 
The viscous model represents the strain rate effects on ice behaviors. The basic viscous model can be 
expressed by Newton’s law (σ µε=  ), in which the stress is determined by strain rate. Ice behavior shows 
strain rate sensitivity and changes from ductile to brittle failure characteristics with rising strain rate. The 
strain rate effect is reflected in two aspects. One of which is that the ice strength is different under 
different strain rates. This can be found in constant strain rate experiments, see, e.g., Mellor and Cole 
(1982), Jones (1982), Rist and Murrell (1994), Gagnon and Gamon (1995), Jones et al. (2003). On the 
other hand, ice strain also develops at different rates in creep experiments (constant stress experiments), 
and the secondary creep rate changes with the stress levels, see, e.g., Glen (1955), Barnes et al. (1971). 
Meanwhile, Mellor and Cole (1982) have shown that the two kinds of experiments have some 
correlations. For the deformation of ice in ductile failure region, the ice strength (maximum stress) under 
a certain strain rate during the constant strain rate experiment equals the constant stress needed to induce 
a similar secondary creep rate in creep experiments. In many uniaxial and tri-axial experiments, the 
attentions were focused on the axial deformation process and its relation with ice strength and temperature 
was established. For ice with randomly oriented grains which can be treated as an isotropic material, this 
relation is equivalent in all the three directions. 
Figure 1 illustrates the unconfined compressive strength of ice distributed with strain rates. Under 
lower strain rates ( 3 2 110 ~ 10 s− − −< ), many experiments have shown that ice strength increases with 
increasing strain rate. Glen (1955) found that the stress-strain rate relation can be presented by a power 
law as illustrated in Equation (4) through the uniaxial creep experiment at low-stress level, with an 
exponential power value n around 3.  
sec exp( / )
nA Q RTε σ= −                             (4) 
where secε , σ  are the secondary strain rate and stress, respectively, T is absolute temperature and Q is 
the activation energy. A is a constant and R = 8.314 J/(mol·K) is molar gas constant. However, the 
exponential parameter n has been found to vary with different strain rate ranges. At strain rate ranges of 
10-5 to 10-2 or stresses higher than 10 MPa, the exponential value n can vary between 4 and 5. 
Although some experimental studies (Cole 2001, Dutta 1993) found that the ice strength decreased 
slightly within a certain range of strain rates, it increased moderately as the strain rate continued to 
increase ( 210−> ). Jones (1997) and Shazly et al. (2006) conducted constant strain rate experiments and 
found that the ice strength increases at high strain rates. The results were also described by the power law
n
vε σ∝ , although the experimental data was scattered. The exponential value n in their study was in a 
range between 6 and 7. 
 
 
Fig. 1. Unconfined compressive strength distributed with strain rate: (left) from Jones (2003), and (right) from Schulson (2009). 
In this study, it is considered that the viscous strain rate and the stress follow a power law and the 
temperature effect is also included similar to Equation (4). For isotropic ice, this relation is equivalent in 
all three directions (x, y, and z). For the establishment of the three-dimensional constitutive model of ice, 
this relation can be extended to deviatoric viscous strain rate ( vije ) and deviatoric stress ( ijs ), where s is 
von Mises effective stress: 
1exp( )v nij ij
Qe A s s
RT
−= −                               (5) 
Temperature 
Equation (5) reflects the temperature effect on ice characteristics. The influence of temperature is 
mainly governed by two parameters: T (temperature) and Q (activation energy). As the temperature 
increases, the ice strength decreases and ductile failure is more likely to occur. It deserves a note that Q 
has different values for different temperature intervals. Durham et al. (1983) conducted tri-axial constant 
displacement rate tests for a wide range of temperatures from -196°C to -15°C. The test results are 
analyzed using Equation(4). It was found that a single set of parameters (n, Q, A) cannot describe the 
data over that wide range of temperatures and at least three sets were needed for different temperature 
intervals, see Table 1.  
Table 1. Parameters in the viscous model for different temperature intervals. 
The first three sets are from Durham et al. (1983) and the last two sets from Barnes et al. (1971). 
Temperature range n Log (A) (MPa-ns-1) Q (kJ/mol) 
-115°C to -78°C 4.0 -3.1 31 
-78°C to -30°C 4.0 ± 0.1 5.1 ± 0.03 61 ± 2 
-30°C to -5°C 4.0 ± 0.6 11.8 ± 0.4 91 ± 2 
-45°C to -8°C 3.0 ± 0.2 8.6 ± 0.2 73 ± 6 
-2°C to -8°C 3.0 ± 0.2 17.2 121.4 
 
Barnes et al. (1971) conducted uniaxial creep experiments in the temperature interval of -48°C to 0°C. 
The activation energy Q was 121.14 kJ/mol between -8°C and -2°C, and 78.6 kJ/mol or even lower if the 
temperature was lower than -8°C. That means the strain rate is more sensitive to temperature above -8°C. 
When the temperature approaches the melting point, liquefaction may occur in the ice samples even 
though the melting point 0°C is not reached, and the ice is easier to deform at higher temperatures.  
The temperature is not only related to the ice strength at constant strain rate tests but also the 
deformation process. Higher temperature makes the ice more ductile and decreases the transition strain 
rate from brittle to ductile failure region, and the creep response depends heavily on temperature.  
 
Confining pressure 
Confining pressure has a great influence on ice behavior. In uniaxial compression tests, if the ice fails 
in a brittle manner under a certain temperature and strain rate, then the ice strength will increase with a 
lateral pressure applied under the same test conditions. The failure mode may also change from brittle 
mode to ductile mode. This ‘pressure hardening’ is a manifestation of frictional sliding. The confining 
pressure suppresses the crack propagation and delays the shearing or splitting of ice. Then greater 
deformation will be produced and the ice strength can reach a higher value. Some studies also found that 
when the confining pressure is higher than a certain value, the “pressure softening” phenomenon will 
occur (Durham et al., 1983; Jones, 1982; Jones and Chew 1983; Rist and Murrell, 1994). This seems to 
be the result of a combination of several microstructural changes including pressure melting at grain 
boundaries, recrystallization and dislocation motion, etc. Ice will melt at different temperatures under 
different pressures, and higher pressure will reduce the melting point of ice, especially at the grain 
boundaries where stress concentration usually occurs. Since that, pressure melting seems to be a 
straightforward reason, but it is not the only reason leading to the loss of ice strength. Nordell’s (1990) 
study showed that at -10°C，the pressure melting pressure was about 110MPa. But the pressure softening 
could happen at the confining pressure of 50MPa. At high confinement, softening is also associated with 
dynamic recrystallization. The stress concentration on grain boundaries induces recrystallization, which 
will change the size of the ice grain and make it smaller, accelerating the grain boundary motion and 
pressure melting (Stone et al., 1997; Melanson et al., 1999; Jordaan et al., 1999; O'Rourke et al., 2016). 
In Jones (1982) study, it was found that the pressure softening at lower strain rates ( 41.4 10ε −< × ) is not 
as obvious as at higher strain rates when the temperature was -11.8°C.  
Jones and Chew (1983) modified Glen’s law and considered that the ice strength is related to the 
hydrostatic pressure. For tri-axial loading, the strength of ice has always been expressed by the 
differential stress (the axial stress 1σ  minus the lateral stress 3σ ), then the relation of the ice strength, 
the strain rate, the confining pressure and the temperature can be expressed by: 
sec 1 3exp[ ( ) / ]( )
n
mA Q V RTε σ σ σ= − + −                       (6) 
where mσ  is the hydrostatic pressure and V is the activation volume. The ice strength increases with 
increasing confining pressure at first, then it decreases at higher pressure levels. Therefore V was positive 
when the confining pressure was lower than the pressure threshold and negative when the pressure is 
higher. Jones and Chew (1983) found that the turning point of the confining pressure was from 15 MPa 
to 30 MPa, at the temperature -9.6°C and the effective stress 0.47 MPa. Durham et al. (1983) conducted 
constant strain rate experiments over wider strain rate and stress ranges. The confining pressure turning 
point was around 50 MPa, and V was 6 320 10 m mol−× at 0 50P MPa< < while 6 310 10 m mol−− × at
50 175Mpa P MPa< < . Paul (1978) conducted creep experiments under different confining pressures 
within the temperature interval -5°C to -26°C and differential stress of 15 MPa. It was found that the 
pressure threshold was around 55 MPa. For ice-structure interactions, the confining pressure of the “high-
pressure zones” can be as high as 50 to 70 MPa, see Frederking et al. (1990). 
Figure 2 illustrates the ice strength against the hydrostatic pressure under different strain rates. The 
data are taken from Jones (1982) and Rist and Murrell (1994). The results show the nonlinear relations 
between ice strength and hydrostatic pressure. In this study, a quadratic function is used to describe the 
effect of confining pressure on ice strength (with the symmetry axis of 50 MPa, as shown in Equation(7)). 
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Fig. 2. Ice strength against hydrostatic pressure, from Jones (1982) and Rist and Murrell (1994). 
2.3. Delayed elastic relation 
Delayed elastic deformation is an important part of creep deformation. It can be measured and 
analyzed through creep experiments. The creep straining of ice exhibits a distribution in relaxation time. 
Delayed elastic deformation has been found to develop with time and the deformation rate gradually 
decreases. After the external force is removed, this part of the deformation will recover slowly. In Glen 
(1955), the delayed elastic deformation was described by a time-related power-law relation with an 
exponential value of 1/3. Xiao (1997) described the delayed elastic deformation with a broad-spectrum 
model and verified it with tri-axial compressive experiments of isotropic freshwater ice. Sinha (1978) 
adopted a function with the natural constant as the base and t as the exponent to model the delayed elastic 
behavior:  
1
( ) [1 exp{ ( ) }]a nd Tc b tE
σ
ε = − −                            (8) 
where: 
exp( )Tb Q RT d= − −                              (9) 
This model reflects the effect of temperature on delayed elastic deformation. Combined with Equation 
(4), it also can be considered that the delayed elastic model is affected by the secondary strain rate. Ashby 
and Duval (1985) carried out dimensionless analysis of this model and proposed that the relation between 
dimensionless strain and a dimensionless time should be independent of stress. Based on this suggestion, 
the delayed elastic model was modified. The modified delayed elastic model was used to describe the 
uniaxial compression tests of Jacka (1984), which were carried out on laboratory-made polycrystalline 
ice samples with randomly oriented grains at temperatures from −5.0°C to −32.5°C, and good results 
were obtained. In a three-dimensional form, the delayed elastic model can be expressed as: 
1
[1 exp{ ( ) }]
2 2
v
ij ijd n
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s C t
e B
G s G
ε
= − −
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                        (10) 
With the development of time, the delayed elastic deformation will gradually approach a maximum 
value 2ijB s G , which is related to the stress level. Here, B is a constant that can determine the maximum 
delayed strain that can occur in ice. According to Paul (1978), the delayed elastic strain can be one order 
in magnitude higher than the theoretical elastic strain. Then the value of B should be around 10 or higher. 
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3. Calibration of the program 
The constitutive model was programmed and incorporated in LS-DYNA as a user defined material.   
Finite element analysis tests were carried using one element to verify the accuracy of the program. 
Constant force loading and constant displacement rate loading conditions were simulated, and the 
simulated results were compared to the solution of the equations obtained by Mathematica. 
A unit cube was used for the verification and the length of the sides was unit length, see Figure 3. In 
the constant force loading condition, a pair of constant external force of 1 MN was applied on the surface 
of the element in the y-direction, and the simulation time was set to 50 seconds. The loading rate was 10-
4 m/s for the constant displacement rate loading condition without confining pressure. The comparison of 
the numerical simulation results from LS-DYNA and Mathematica are presented in Figure 4. In which, 
the right axes of the figures show the results from the applied force and the displacement, respectively. 
The good results agreements in Fig. 4 indicate that the numerical implementation process in LS-DYNA 
is correct.  
s  
Fig. 3. The single element test model. 
   
Fig. 4. Comparison of results from LS-DYNA and Mathematica: 
(left) constant force loading and (right) constant displacement rate loading. 
4. Numerical simulations 
4.1. Tri-axial constant strain rate tests 
The verification of the model in this section is based on the constant strain rate experiments presented 
by Jones (1982) and in Rist and Murrell (1994). The ice strength at different strain rates, confining 
pressures and temperatures were tested and recorded in the experiments. The experiments adopted similar 
ice specimens, but the experimental conditions including temperature, strain rate and confining pressure 
ranges were different. This makes it convenient for the verifications of the material model proposed in 
this study. 
The ice specimens were laboratory made isotropic freshwater ice, with an average grain size of 1 mm. 
The density of the ice was 914 3kg m . The ice specimens used in Jones (1982) had some air bubbles 
while the ice specimens in Rist and Murrell (1994) had minimum bubbles. The ice specimens were 
cylindrical with two sizes, i.e., a diameter of 20 mm and a length of 60 mm, and a diameter of 40 mm 
and a length of 100 mm. The constraints and loading conditions are illustrated in Figure 5. A confining 
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pressure was applied in the lateral direction, and the displacement was applied in the axial direction at 
constant rates.  
The compressive failure of ice in full-scale ice-structure interactions exhibits a distinct scale effect of 
particular importance in design, and this is mainly due to the fracture and probabilistic averaging of ice 
(Taylor and Jordaan, 2015; Jordaan et al., 2007). And the continuum behavior of ice is relatively scale-
independent. This is because the number of cracks and defects of different sizes (from dozens of square 
meters to dozens of square centimeters) of ice varies greatly, and the degree of interference and 
propagation of cracks is also different. Larger ice is more likely to encounter large cracks or defects, 
leading to fracture failure, so fracture limits the ice strength and the peak value of ice load on structures 
at different scales. A typical representation of scale effect is the pressure-area curves. According to Li et 
al. (2004), the contact pressure decreases with the contact area increases at high strain rates, while the 
pressure-area curve at low strain rates is more stable. Therefore, the continuum behavior is relatively 
independent of the ice specimen size, and the specimen dimensions of diameter in 40mm and length in 
100mm were adopted for the establishment of the finite element model in this section as illustrated in 
Figure 6. By mesh sensitivity analysis, it was found the model was not sensitive to mesh size for a mesh 
with dimensions 3 mm × 5 mm × 5 mm.  
The material parameters are listed in Table 2. The determination of the parameters was based on 
Durham’s investigation. For the strain rate range (10-5~10-2) and temperature range (-5°C to -30°C) 
involved in this analysis, an appropriate value for the exponential parameter is n = 4. According to the 
previous investigations of Mellor and Cole (1982), and Rist and Murrell (1994), the failure strain of 
constant strain rate tests of isotropic ice was from 0.003 to 0.01. In the present simulations, it was defined 
that the ice failed when the strain reached a value of 0.005. 
 
Fig. 5. Schematic of the triaxial constant strain rate loading, from Shi et al. (2017). 
 
Fig. 6. Illustration of the finite element model of the ice specimen. 
Table 2. Main parameters in the constant strain rate FE analysis. 
Property Parameter Value 
Exponential parameter N 4 
Activation energy Q 95000 J/mol 
molar gas constant R 8.314 J/(mol·K) 
Constants A, B, C, D 1012,15, 0.016, 1.32 
Shear modulus G 5212 MPa 
Bulk modulus K 14862 MPa 
Poisson’s ratio υ 0.343 
 
A series of cases of different strain rates and confining pressures and temperature -12°C were 
simulated in the present works. The cases were selected according to the experiments in Jones (1982). 
The strain rates ranged from 21.4 10−× to 55.5 10−× . For each strain rate, several cases of confining 
pressures from 10 MPa to 70 MPa were simulated. The obtained ice strengths were compared with the 
test data as illustrated in Figure 7 and Figure 8. The material model can capture the trend and the average 
values of the ice strength. For the strain rates simulated here, the ice strength increases with strain rate 
under the same confining pressure. The ice strength values agree well with the experimental data when 
the strain rate is less than 35.4 10−× . For the strain rate of 21.4 10−× , the experimental data are sparse and 
show obvious discretization, but the simulated ice strengths show good agreements to the average test 
values. 
The simulated results also show that the material model can reflect the influence of confining pressure 
on the ice strength. For each strain rate, the simulated ice strength increases as the confining pressure 
increases until a turning value is reached, then, it decreases as the confining pressure continues to increase. 
The simulated ice strengths agree well with the test data. However, again for the strain rate of 21.4 10−× , 
it is difficult to summarize the laws due to the disperse test data. The emergence of pressure hardening is 
because the confining pressure suppresses the cracking process and failure of ice, and then higher strength 
can be reached. One reason for the pressure softening is the emergence of liquid at the junctions of the 
grain boundary of ice. High confining pressure leads to severe stress concentration on grain boundaries, 
then lower down the melting point of ice and reduce the load carrying capacity of ice. Pressure softening 
is also related with dynamic recrystallization, which will reduce the ice grain size and accelerate the grain 
boundary changes. High confinement combined with shear stress will lead to extensive dynamic 
recrystallization, and make the recrystallization spread uniformly in the ice specimen. This process 
exacerbates the formation of pressure softening. In this model, the pressure hardening and softening are 
embedded in the viscous relation, and these laws are well captured. 
It can be noticed that the turning hydrostatic pressure is 50 MPa, but the turning confining pressure 
changes slightly at different strain rates. It is around 50 MPa for the strain rates 55.5 10−× and 41.4 10−× , 
after that, it decreases gradually to 40 MPa at the strain rate of 21.4 10−× . This is because the confining 
pressure and the hydrostatic pressure are different concepts. When the deviatoric stress is large, the 
difference between the two pressures is more obvious. Otherwise both pressures have similar values. 
  
Fig. 7. Ice strength versus confining pressure under different strain rates. The test results were taken from Jones (1982). 
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 Fig. 8. Ice strength versus confining pressure under different strain rates. The test results were taken from Jones (1982). 
 
Fig. 9. Ice strength versus confining pressure under different strain rates.  
The test results were taken from Rist and Murrell (1994). 
To further verify the material model’s ability to simulate the ice behavior under different strain rates 
and confining pressures, a group of simulations corresponding to Rist and Murrell’s (1994) experiments 
conducted under -20°C were carried out. The strain rates ranged from 210−  to 410− , and the confining 
pressure from 10 MPa to 30 MPa. The results from the simulations are presented in Figure 9. The ice 
strength shows an increasing trend with increasing strain rate. Because the confining pressure range is 
limited, only the pressure hardening process of ice strength is presented. For the strain rate of 0.01, the 
results from the simulations are lower than the experimental results. The results for the other two strain 
rates match well with the test data. Since the only varying parameter is temperature, the agreements with 
two experiments indicate that the present model can describe the ice strength at different strain rates and 
confining pressure well. 
Figure 10 shows the results from simulations of ice strength along with the temperature for three 
different strain rates, i.e., 210− , 310− and 410− . The confining pressure is 5 MPa for all the data, while 
the temperature interval ranges from -30°C to 0°C. The simulated ice strength is slightly lower than the 
test data for a strain rate less than 210− . This difference coincides with the condition in Figure 7 at the 
strain rate of 210− . As the ice specimens and testing process of the two experiments are not the same, 
however, this difference is within a reasonable range. 
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 Fig. 10. Ice strength versus temperature under different strain rates. The test results were taken from Rist and Murrell (1994). 
Also, from Fig.10, it can be observed that when with the temperature increases, the ice strength 
decreases rapidly. Furthermore, when the temperature approaches to 0°C, the ice will gradually change 
from solid phase to liquid phase, and the ice strength becomes close to 0. As the test condition gets colder, 
the distinction of ice strength under different strain rates becomes more distinct. At the temperature of -
10°C, the strength difference of ice for the strain rates 210− and 410− is around 15 MPa. When the 
temperature reaches -30°C, the ice strength difference will become 25 MPa. Additionally, when the strain 
rate is higher, the ice strength is more sensitive to temperature. This indicates that the ice strength 
theoretically could reach a very high value when the temperature of the ice is very low and the 
deformation rate is very high.  
4.2. Tri-axial creep tests 
To verify the ice constitutive model’s ability to assess the nonlinear behavior of ice, a series of creep 
experiments were simulated. The tri-axial creep experiments presented in Xiao (1997) were used for 
comparison. The ice specimen was laboratory made freshwater granular ice. The final size of the diameter 
of the cylindrical ice specimen was 70 ± 0.05 mm, and the length was 175 ± 1.0 mm. The bubble content 
was minimal. The average number of grains per diameter was 22 to 29, then the grain size is around 3 
mm. In the experiments, the confining pressure was 10 MPa and the additional axial pressures were 5 
MPa, 7 MPa and 10 MPa. The experimental temperature was -10°C. The boundary conditions in the 
experiments are shown in Figure 11.  
A finite element model of the experimental specimens was established as shown in Figure 12. A mesh 
sensitivity study was carried out which resulted in a final and converged mesh size with element 
dimensions 5 mm × 9 mm × 9 mm. The bottom of the ice specimen is fixed. The total axial pressure is 
applied on segments on top and bottom of the model, and the confining pressure is applied on the flank 
surface of the ice cylinder. The pressures are kept constant, and the simulation time is set to 20s.  
 
Fig. 11. Schematic of the creep loading, taken from Shi et al. (2017) 
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 Fig. 12. Illustration of the ice specimen’s finite element model. 
The material parameters are the same as in Section 4.1, except for the exponential parameter n which 
is set to 3.3. Since the stress level and the viscous strain rate in this experiment are much lower than those 
in Section 4.1, 3 to 4 is a reasonable range for n according to Barnes (1971). Another reason for the 
reduction of n is the grain size of the creep experiments used here is greater than the grain size of ice 
used in the constant strain rate experiments. Cuffey et al. (2000) found that the minimum strain rate will 
decrease slightly with increasing grain size for the low stress level. 
The simulated creep strain curves develop with time as shown in Figure 13. The results show that the 
proposed constitutive model can describe the primary and secondary creep of ice. At the time of 0s, an 
instantaneous strain occurs, corresponding to the elastic deformation of the material model. Then, the 
strain in the ice increases with time at a decreasing rate, mainly attributing to the delayed elastic 
deformation and viscous deformation. Figure 14 clearly shows the three deformation components 
corresponding to the material model. It can be seen that the delayed elastic strain grows but with a 
decreasing rate. If the simulation time is long enough, the delayed elastic strain will approach a saturation 
(maximum) value which is determined by the stress level and shear modulus as illustrated in 
Equation(10). Meanwhile, because the viscous strain continues to increase, the overall strain will grow 
and the minimum strain rate or secondary creep rate determined by the viscous model will eventually be 
reached.  
The delayed elastic deformation is important for the constitutive relation of ice, such as the 
determination of the elastic modulus. The elastic modulus tested through mechanical methods is usually 
much smaller than the real elastic modulus. That is because the elastic deformation and the delayed 
elastic deformation are both reversible, and the tested deformation contains a part of delayed elastic 
deformation. The material model proposed in this paper can capture this behavior. This makes it a more 
comprehensive constitutive model. 
 
Fig. 13. Development of creep strain with time under different stress levels. The test results were taken from Xiao (1997). 
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5. Conclusions 
A phenomenological constitutive model of ice for finite element analysis is proposed in this paper. 
For which, strain rate, temperature and confining pressure effects are included. The material model is for 
the continuum behavior of freshwater ice under compression, for which the application range is strain 
rate lower than 10-3, or for strain rate higher than 10-3 if the confining pressure is sufficiently high to 
suppress fracture processes. Such an application would include the ice behavior in the highly confined 
central region of high-pressure zones which occur during ice-structure interactions. Whether the 
interaction speed is fast or slow, the ice of high-pressure zones is under tri-axial stress state, and the high 
confining pressure causes obvious inelastic deformation. The proposed ice constitutive material contains 
three components: elastic, delayed elastic and viscous terms. The strain rate effect is embedded in the 
viscous term, which is also temperature and confining pressure dependent. After numerical simulations 
using LS-DYNA, the results were compared against several experiments in the literature published 
previously. It is shown that several key laws of ice behavior can be described by this ice constitutive 
model.  
The ice strength is simulated under different strain rates, temperatures and confining pressures in 
constant strain rate experiments. The strain rate effect on ice strength is well captured. When the strain 
rate increases from 10-5 to 10-2, the simulated ice strength increases and it agrees well to experimental 
data. Besides, the temperature effect can be embedded by the proposed ice material model from -30°C 
to -5°C. The simulated ice strength increases as temperature decreases. At low temperatures, the ice 
strength becomes more sensitive to strain rate. It is also found that ice strength can be very high for low 
temperatures and high strain rates. In addition, the pressure hardening and pressure softening are also 
well captured by the model. The simulated ice strength increases with confining pressure until reaching 
the value of 50 MPa, after that it decreases as the confining pressure continues to increase. This is also 
in good agreements with data from experiments.  
In the simulations for creep experiments, the strain-time curves under different stress levels were 
compared with experimental data. In creep experiments, the minimum strain rate (secondary strain rate) 
would be even lower than the strain rates involved in the constant strain rate experiments simulated in 
this study. The proposed material model can describe the creep process, including the primary and 
secondary creep. The different deformation components and the characteristics of ice can be well 
explained by this constitutive model. 
At the same time, it should be noted that the ice behaviors in the high pressure zone do not only 
involve continuum deformation. In the late stage of continuum deformation, the high damaged ice 
resulting from severe recrystallization and other mechanisms in the high pressure zone will be crushed 
to small fragments and extruded. And the ice under low confinement away from the high pressure zone 
will fail in fracture, spalling, splitting and other discrete forms which cannot be captured by this study. 
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